Abstract. A boundary correspondence of the circumference of the unit disk, which can be continued quasiconformally to the disk and which has the following property, is constructed: If there exists a Teichmüller mapping which is associated to a holomorphic quadratic differential and which is extremal for the boundary correspondence, then there is more than one such mapping.
Let there be given a boundary homeomorphism h of the unit disk D which is induced by a quasiconformal self-mapping /of D: h -f\ dD. The maximal dilatation of / is denoted by K. The set of all quasiconformal self-mappings of D with boundary values h and with a fixed bound for the maximal dilatation is compact. Therefore there always exists a mapping /0 in the class with smallest maximal dilatation K0. It is called an extremal qc mapping for the given boundary homeomorphism h. If the dilatation K of every mapping f¥=f0 in the class is larger than K0,f0 is called uniquely extremal.
In the theory of extremal quasiconformal mappings, Teichmüller mappings play an important role. A quasiconformal mapping w = f(z) is called a Teichmüller mapping if its complex dilatation k = /-// is of the form k = fc<p/|cp|, 0 «s k < 1, where <p(z) is a meromorphic quadratic differential, i.e. a meromorphic function which transforms like the square of a derivative under a conformai change of the variable z. If k is positive, the quadratic differential rp is determined by / up to a positive constant factor. Moreover, it also determines a quadratic differential 4>(w), and if one chooses the factors and the constants of integration properly, / has locally, except for isolated points, the representation /=f"'oF"$ with<p = $'2,t// = *'2.
F is the horizontal stretching by the factor K -(1 + k)/(l -k). Conversely, a mapping with the above representation is a Teichmüller mapping (for details see [1] ). There are boundary homeomorphisms h which admit more than one extremal mapping. The following example shows that this expectation is wrong. We show the existence of a boundary homeomorphism h which either does not admit a Teichmüller extremal or else admits many.
Let R ! and R 2 be compact Riemann surfaces of genus g > 2 and let /: R, -» R 2 be a quasiconformal mapping which is extremal in its homotopy class. We denote by / a lift of/to the universal covering surfaces Rx and R2. If we represent Rx and R2 by unit disks £>,: \z\< 1 and D2: \w\< 1, respectively, / becomes a quasiconformal mapping of Z), onto D2 of the same dilatation K as /. It induces a boundary homeomorphism h: |z|=l-»|w|=l.
Let 7C0 be the maximal dilatation of an extremal qc mapping of Dx onto D2 with the boundary values h. Of course, K0 < K. It is not yet known if K0 < K for all compact surfaces (except for the trivial case, where / is conformai and, hence, K0 = K = 1), but there is at least an example of such a surface of genus 2 in [2]. We may therefore assume Rx and R2 have this property.
Suppose there exists an extremal Teichmüller mapping /0 for the boundary homeomorphism h. A lift/of any homeomorphism / induces an isomorphism 6 of the group Gx of cover transformations S, of Rx onto the analogous group G2 of R2.
The mapping 0 is defined by the relation Sx -> S2: f ° Sx° f~x = S2, where Sx is a cover transformation of Rx, and S2 is its image. If the homeomorphisms / and g of Rx onto R2 axe homotopic, they have homotopic lifts/and g, which therefore induce the same isomorphism of G, onto G2. Conversely, if the induced isomorphisms of two lifts/and g axe the same, the traces/and g axe homotopic [3] . Now let z = S,(f ) be a linear transformation of 7J>, belonging to the group Gx of cover transformations of Rx, and let S2 be its image by the isomorphism induced by /. The mapping /, and in particular the boundary homeomorphism h =f\dD], satisfies the group relation S2] ° h ° 5, = h. Therefore, S2l ° f0° S, has the same boundary values as /0, and of course the same dilatation K0. Moreover, it is a Teichmüller mapping. This follows at once from the second definition. In order to conclude it from the first one, we have to compute the complex dilatation. Let dw = p(z) dz + q(z) dz be the differential of w -f0(z), and z = Sx(t¡). Then dw = p(z)SU) d$ + q(z)S7x(S) dF, and, therefore,
Here i//(0 is the representation of the quadratic differential <p in terms of the variable f, because of the transformation law *tt) = <p(z)S'tt)2 = <p(z)(ifeM)2-If all the extremal Teichmüller mappings 52_1 ° f0° Sx were the same, i.e, f0, it could be projected to Rx, R2, and the projection/0 would be homotopic to/. Therefore 7C0 > K, which is a contradiction. Although not explicitly mentioned, the example constructed in this paper is meant to be a regular Teichmüller mapping (with holomorphic <p). For such mappings, both problems, the existence and the uniqueness, are still open. It is shown here that the answer cannot be positive to both of them.
